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SUMMARY

We derive a new representation for the exact convergence factor of the classical two-level and two-grid
preconditioners. Based on this result, we establish necessary and sufficient conditions for constructing
the components of efficient algebraic multigrid (AMG) methods. The relation of the sharp estimate
to the classical two-level hierarchical basis methods is discussed as well. Lastly, as an application, we
give an optimal two-grid convergence proof of a purely algebraic “window”-AMG method. Copyright
© 2000 John Wiley & Sons, Ltd.
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1. Introduction

In this paper we are concerned with two-level hierarchical basis (TL) or more-generally with
two-grid (TG) methods. We consider a vector space V, isomorphic to a R™ for some n. The
space V is equipped with the usual Euclidean vector inner product (v, w) = w’v. Our focus
will be on two-level or two-grid iterative methods, for the solution of

Au=f, (1.1)

where A : R"™ — R" is a symmetric and positive definite (s.p.d.) matrix. A linear iterative
method takes the form: Given an initial guess u®), we obtain each successive iterate as

u* D) = u® 4 B=1(f — Au®). (1.2)
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2 FALGOUT, VASSILEVSKI AND ZIKATANOV

Here we consider the case when the iterator or preconditioner B is defined via two-level or
two-grid algorithms. Of main interest is the convergence of the approximate solutions u(*)
defined via (1.2) to the solution u of (1.1). This convergence rate is determined by estimating
the norm defined by the A-inner product (.)TA(.) (or the A-norm || - ||4) of the error transfer
operator £ = I — B~'A. Whenever needed, we will distinguish between two-level hierarchical
basis (HB) methods and two-grid methods by denoting the corresponding preconditioner B
and the error transfer operator F with By, Er; and Brg, Erg respectively.

For two-level hierarchical basis methods, we assume that V is decomposed as a direct sum

V =SV, +R"V,, (1.3)

for some components Vs and V. isomorphic to R™s and R" respectively, with n = ng + n..
A typical and simple example to keep in mind is S = [ I 0]" and RT =[0 I]". Here, the
decomposition is actually orthogonal, i.e., RS = 0. In general, for a direct decomposition, we
have that the square matrix [S, R”] is invertible. For the more general case of “two-grid”
methods, one also assumes a decomposition V = SV, + RTV, as in (1.3), but it does not have
to be direct. That is, one may have n < ng 4+ n.. Yet another difference is that for two-grid
methods only the coarse space RTV, is explicitly available (i.e., a basis is given), whereas the
first component (which is not unique) need not actually be specified. Usually, a one to one
mapping P defines the coarse space. Such a mapping is called interpolation or prolongation,
which in practice is sought to be in a sense better than R”. One has PV, C V, and the coarse
space is Range(P). In the two-level hierarchical basis case, we assume that the decomposition
V = SV, + PV, is also a direct sum (this decomposition is commonly referred to as the two-
level hierarchical basis decomposition). For example, in the simple case when S = [I 0 ]T
and RT = [0 I]", the decomposition is direct if RP = I, i.e., if P = (Wt 1 ]T for some
W # 0. Note that the property, RP = I, often holds in the case of the more standard two-grid
methods as well.

1.1. Smoother, coarse grid matriz and projections

A two-level or two-grid method can be defined if two ingredients are in place. One of them is
the decomposition and the other is the smoother. A smoother here will be denoted with M,
where the smoother iteration is as in (1.2) with M replacing B. The following result is well
known (and easily seen):

MT 4+ M~ Aisspd. <<= |I-MA|a<1. (1.4)

Hence, throughout the remainder of the paper we will assume that M7 + M — A is s.p.d., or
equivalently, that the smoother iteration is a contraction in A-norm.

Various restrictions of M and A to the subspaces mentioned before will be needed. We first
define the exact coarse grid matrix A, and its hierarchical complement A as follows

A.=PTAP, A, =STAS.

Later we will see, in the case of a two level hierarchical preconditioner, one needs M to be
well-defined only on the first (hierarchical) component SV;. In that case, we refer to M as
M. However, we can think of M, as being derived from a global (not necessarily symmetric)
smoother M, i.e., that M, = STMS where M”T + M — A is positive semi-definite. As an
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ON THE TWO-GRID ESTIMATES 3

example, consider again the simple case where S =[1 0]" and RT =[0 I]". Then, for a
given M, such that MT + M, — A, is positive definite, of interest is the block-factored smoother

M= M, O I M;'START
| RAS 11 0 1 ’
where 7 > 0 is a sufficiently large constant. Note that (since AT = A)
MI+ M, — A START
T o _ s s s
M™+M-A= { RAS 971 — RART + (RAS) (M_' + M: ™) (START) |’

which can be made positive definite if 7 is sufficiently large.
The following two operators are related to the smoother M, and will be frequently used in
the definitions and analysis later on:

M=M"M"+M-A)"'M, M=MM" +M-A)"'M" (1.5)

Likewise, the operators Ms and M are defined by replacing M and A in (1.5) by M, and A,.
Note that (I — M*IA) = (I - M1A)(I - M-TA), hence M is just a symmetrized version of
the smoother M (and similarly for M). Also note that M = M when M is symmetric, but in
general both operators are needed: M is needed for the error analysis and M is needed in the
definition of the preconditioners. Finally, we remark that if M T 4 M — A is positive definite,
then M — A and M — A are positive semidefinite. This is easily seen from the simple relation,

M-A=(X-MX"YX—-MT), with X = MT + M — A, (1.6)

which, with obvious change, holds for M as well.
In what follows we will need two projection operators related to the coarse space Range(P).
We define
ma=PA;'PTA,  7a=A7PA;'PT Az, (1.7)
and observe that 74 is an A-orthogonal projection on Range(P) and 74 is a (-, -)-orthogonal
projection on Range(A%P).

1.2. The strengthened Cauchy-Schwarz inequality and the Schur complement

In the analysis of the two-level hierarchical preconditioner, we will need the strengthened
Cauchy-Schwarz inequality (sometimes called the Cauchy-Bunyakowski-Schwarz, or C.B.S.
inequality), which provides a bound on the cosine of the abstract angle between two subspaces.
Assume that V = SV + PV, is a direct decomposition and let v2 € [0,1) be the smallest
constant in the following inequality

(wl'ST APx)? < v* wl' ST ASw xT P APx. (1.8)

An equivalent form of this C.B.S. inequality reads

wlAw < — igf (Sw+Px)" A(Sw+Px), VYweV, VxelV.
The latter minimum is attained at Px = —m 4 Sw. Therefore,
wlAw < 1_172 Wi (ST(I —7ma)TA(I — 7a)S) w (1.9)
= W (STA(I — WA)S) w.
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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4 FALGOUT, VASSILEVSKI AND ZIKATANOV

As it is well known, the constant in the strengthened C.B.S. inequality is related to the spectral
equivalence between the Schur complement Sy of A and A, = PTAP. The Schur complement
S4 is defined here as

xTSax = inf (Sw + Px)T A(Sw + Px). (1.10)

An equivalent statement of the strengthened Cauchy-Schwarz inequality (1.8) then is as follows

(1—7%) x"Ax < x"Sax <x"Acx. (1.11)

1.3. Two-level and two-grid preconditioners

Having all components in place, we are now in a position to define the classical two-level
HB method (cf. Bank and Dupont [3], Braess [6], and Axelsson and Gustafsson [2], and [15],
[4]). Most of these methods are summarized in Bank [5], (see also [10] or [13]). The two-level
method in question, with parameters My and P, exploits a direct (hierarchical) decomposition
V = SV;+ PV,. Namely, we decompose u € V uniquely as u = Sus+ Pu.. The problem (1.1) is
then transformed to the equivalent one, with the hierarchical basis matrix A = [S, P]TA[S, P):
Us

(S, P|TA[S, P] { ] =15, P|"t.

C
This transformed problem is then used to define the preconditioner By in terms of its
hierarchical counterpart Bry,.

Definition 1.1 (Two-level hierarchical basis preconditioner, Bry) Let

5. I 01[ M, o0 I M;TSTAP
TL= 1 pTASMY T 0 A. ]| 0 I

Then, the two-level hierarchical basis preconditioner Bry, is defined by
Brp =18, P1Bryls, PI".

It is clear, that to implement the actions of B;i, one needs the actions of the smoothers
MY M7 a coarse-grid solver to evaluate A !, the actions of the interpolation (P) and
restriction (PT) mappings, as well as the ability to extract the hierarchical component Sv of
any vector v = Sv, + RTv,, which defines S and similarly for S”. We comment on the fact
that the above definition takes the point of view that Br is being obtained via a product
iteration scheme, in the sense that the error transfer operator E7; has the following form

Erp = —SM;TSTA)Y(I - PA'PTA)YI - SM;1STA).

The latter represents a composite subspace iteration process; the first step being smoothing
based on M, in the first coordinate space SV, followed by an (exact) coarse-grid correction
in the subspace PV, and finally followed by a post-smoothing based on MI in the first
coordinate space SV;. From the preconditioning point of view though one can simplify the
definition somewhat and thus end up with the following “approximate block-factorization”
preconditioner in the case of s.p.d. Mg,

Sa My, 0 M7t 0 M, STAP
BTL_[PTAS I] [ 0 BC] [ 0 I } (1.12)
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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ON THE TWO-GRID ESTIMATES 5

Then, (B%.)~! =[S, P](E%L)_l [S, P]T is the inverse “approximate block-factorization”
preconditioner to A. This was the preconditioner originally studied in Axelsson and Gustafsson
[2] with B, being an s.p.d. approximation to A..

An important observation is that in order to define By} =[S, P] g;i [S, P]T, one does not
have to assume that [S, P] is invertible, or even square. Thus, one can formally let S = I,
and hence My = M, and the resulting method gives the classical two-grid preconditioner Brg
with the corresponding error transfer operator defined by,

Bra=I—-MTAI - PA'PTAYI - M1A).
A more precise definition is as follows.

Definition 1.2 (Two-grid preconditioner, Brg) Let

= I 0 M 0 I M-TAP
BTG_[PTAM1 IH 0 ACHO I } (1.13)
Then, the two-grid preconditioner Brg is defined by
B =1, P|Brg (I, PIY. (1.14)

Then it is easy to verify that
I — BrtA=Erg.

Note that Bpg : R" 7 s R has a “bigger” size than Brg and A; namely, it defines an
operator acting on the product space V' x Range(P).
(From (1.13), a straightforward calculation of the inverse B;é, gives

o _[1 -MTAP [T o I 0]
TG0 I 0 A7l || -PTAM™' T

&)

(1.15)

Then, forming the right-hand side of (1.14) leads to

Brg =1 (I-M"TA)P] [ Mo_1 Agl } [PT (IfIAM*) ]

— M+ (1= MTA)PAZ'PT (I— AMY).

1.4. Main goals and structure of the paper

The last two definitions and the identities that follow are the main ingredients for comparing
some classical convergence results with the new ones (derived in the present paper) as well as
finding necessary and sufficient conditions for P and M (or M) to give optimal two-level or
two-grid convergence in the related two-level or two-grid methods. This is the main topic of
the present paper.

The remainder of the paper is structured as follows. In Section 2, we prove an important
auxiliary result, the so-called “saddle-point” lemma. In Section 3, we use this lemma to
prove the main (sharp) two-grid convergence result: a simple identity for the exact two-grid
convergence factor. The result can also be derived from the identity of Xu and Zikatanov [14]
(valid for abstract iteration methods), but we provide a more direct proof here. In Section 4,
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6 FALGOUT, VASSILEVSKI AND ZIKATANOV

we relate the sharp two-grid convergence result with the existing tools commonly utilized for
proving two-grid convergence in algebraic multigrid (AMG) theory. Many facts in Section 4
are simply reformulations of results already established in a previous paper [11], but here we
are able to establish some additional necessary conditions. Finally, in Section 5 we show how
the presented sharp convergence result can be used to derive upper bounds for the two-grid
convergence rate of a so-called “window”-based spectral AMG method (a variant of the method
proposed in Chartier et al. [9]).

2. A saddle-point lemma

A crucial identity that will be used to derive the spectral equivalence results is the following
lemma, henceforth referred to as the “saddle-point lemma”. We state the lemma in a somewhat
abstract form for two vector spaces V; and V5. We will use it with V; = V; for the two-level
hierarchical basis preconditioner, and with V; = V for the two grid preconditioner. The second
space V5 will be taken to be the range of a projection on a subspace of V.

Lemma 2.1. Given two mappings T : Vi — Vi and N : Vi — Vs such that T + NTN
is invertible, with T symmetric positive semi-definite and N onto (i.e., for any wvector
v € Vs the equation Nw = v has at least one solution w € Vi). Consider the mapping

Z =N (T + NTN)f1 NT. We have that Z is s.p.d., and the following identity holds:
viZz-1ly wlTw

=1+ inf .
vlv w: Nw=v vIv

(2.1)

Proof. We first remark that N being onto is equivalent to N7 having full column rank. It is
also easy to see that T is (symmetric) positive definite on the null-space of N.
Consider now the following quadratic constrained minimization problem: Given v € V5, find
a w € Vj that solves
%WTTW — min

subject to Nw = v. (2.2)

By forming the Lagrangian £L(w, \) = %WTTW-F)\T(NW—V) and setting its partial derivatives
to zero we get the following saddle-point problem for w and the Lagrange multiplier A,

T NT wil |0

N 0 Al v ]
Our assumptions on T'and N (namely, T being positive definite on the null-space of N and N7
having full column rank) tell us that the above problem has a unique solution (w,, A). It is

also clear that the (negative) Schur complement Z = N (T +NTN )71 NT of the saddle-point
matrix

T+NTN NT
N 0o |’

is. s.p.d. (hence invertible). Since (w,, A.) solves the equivalent problem,

AV

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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ON THE TWO-GRID ESTIMATES 7

one gets the identity,
w. = (T+NTN) " NT(v - \,),
which implies
v=Nw, =N (T+N"N)" N(v—A)=Z(v-A).
Hence, v — A\, = Z v, and therefore vi'v — v\, = vI'Z~!v. The latter implies (using
v = Nw,, and NT\, = -Tw,)
W*TTW* vIz-1ly

1+ =
vTy viv

Next, since w, solves the constrained minimization problem (2.2) we arrive at the desired
identity (2.1).
O

3. Sharp spectral equivalence results

Our main goal in this section will be to obtain a suitable expression for the best constant K
taking part in the spectral equivalence relations between A and B, for B = By, and B = Brg:

vIiAv <vT'Bv < K vl Av. (3.1)

We will try to handle both cases (the hierarchical two-level and the two-grid one)
simultaneously by introducing the notation: M = JTM.J and A = JT AJ, where either J = S
or J = I. That is, either M = STMS = M, and A = STAS = A;, or M =M and A = A.
With this, and considering also the case of B = Bf.;, we can write the general error transfer
operator for (1.2) as follows (the specific operators E7y, and Epg were defined in Section 1.3):

I-B'A=E=(I-JM TJTA(I - PD'PTAI - JM T A), (3.2)

where D is an s.p.d. approximation to the coarse-grid matrix A, = PTAP. Of particular

importance is the case D = A., which we consider in great detail, but we also point out how

the convergence rate can be estimated using an appropriate approximation D to A..
Multiplying both sides of (3.2) by A we get that

AE = A% (1 — A2 JM™TJTAR) (I — A2 PD'PTAZ)(1 — A2 JM™UJTAR) AR (3.3)
Let us denote for a moment X = (I — A2 PD~*PT Az). Note that if D is defined such that
vIDv, > vI'A,v,, then both X (see Lemma 3.1 for details) and AE are symmetric positive
semi-definite. Equivalently, one has that A2EA 2 =] — A2 B 1A% is also symmetric positive
semi-definite, which guarantees that the left-hand inequality in (3.1) holds assuming that B~1
is s.p.d. The latter follows from the fact that ||F|| 4 < 1, which is seen from (3.2) and (1.4).
Consider now the right-hand inequality in (3.1). Since AE is symmetric positive semi-
definite, then ||E|| 4 is given by the largest eigenvalue of A2 EA™2, or equivalently by 1 — +.
But, X being symmetric positive semi-definite implies that X 2 is well-defined, and it is obvious
from a well known fact (i.e., |G| = [|GT]|, used for G = X2(I — A2JM~1JT Az)) that the
largest eigenvalue of

APEA™2 = (I — A2 JM T JTAZ)X (I — A2 JM ™ JT A%)

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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8 FALGOUT, VASSILEVSKI AND ZIKATANOV

is the same as the the largest eigenvalue of

1

O=X3(I-A3JM 1 JTA) (I — A JM TJTAZ)X 5.

Therefore, we will proceed with estimating the last expression.
We first consider the case D = A.. One notices then that X = I — 74 and the square root
1
can be removed, because X2 = X (and hence X = X 2) in this case. Recalling the definition

(1.5) of M, consider then the expression

vIov = (Xv)T (I = A5 J (M~ 4+ M~T = M~ (JTAT)MT) JTA%)(XV)
= (XV)T (1= A T (M1 4 MT — MLAM-T) JTA%)(XV>
= (XV)T (I — AYJM-1JT A% )( v)
V(I —74)2v —vT(I—ﬁA)AEJM*IJTA%(I—%A)v
vT (1 ~Fa— (- I—7A)ASJM-LJT A (I — ﬁA)) v

(1

The smallest (i.e. the best) constant K in the above inequality can then be defined via the
following relation

IA

) vT (m ¥ (I—fA)A%JM‘leA%(I—ﬁA)> v
K H\}f vTv
Since vI'v = vITsv + v (I — 7 4)v with both components being non-negative, it is clear that

the above minimum is taken over all v € Range(I — 74). To see this we use the elementary
inequality f(t) = ifgz > f(0) = g—z if b2 < 2. Letting t> = vI7Tav, ¢ = vI(I —74)v and
b2 = v (I —74)A2 JM-JT A% (I — 7 4)v, it remains to show that b2 < c2. The latter follows
from the identity A = JTAJ which implies that |G| = |GT|| = 1 for G = A~2JT Az. That
is, with w = (I — 7 4)v, using the fact that (A~! — Mv_l) is symmetric positive semi-definite
(see (1.6)), one arrives at,

b =wlAz M JT A w < wlA2 JA L IT Arw = wIGTGw <wlw=c%
Thus, we have
vT ((1 — ) ASIMLIT AR (I — m)) v
— = inf

v vI(I —Tg)v

(3.4)
Since above, in (3.4), we have M1, we will use Lemma 2.1 to get an estimate in terms of M
instead in the next theorem.

Theorem 3.1. Assume that J and P are such that any vector v can be decomposed as
v = Jw + Px. Then the best constant K in (3.1) is given by

o
w' Mw
K = sup in —ra (3.5)
vERange(I—my) W* v=(I-ma)Jw V Av
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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ON THE TWO-GRID ESTIMATES 9

Proof. Let N = (I —74)A2J. Then
NTN = J7 (A%(I - m)m%) J=JTA(I —7a)J.
Define . .
T=M-J AT —7p)J =M— A+ JV ArplJ.
It is clear that T" is symmetric positive semi-definite. We also have,
M =T+ NTN.

We point out here, that in order to apply Lemma 2.1, a minor (but very important) detail
needs to be checked out; namely, whether or not the mapping N : Vi — Range(I — T 4), when
J = S is onto. This is done in the following way. Let x # 0, x € Range(I — 7 4) be given. We
will find a w € Vg, such that Nw = x. Since x € Range(I — T4) there is a v € V, such that
x = (I —T4)v. By the assumptions of the theorem, the following decompositions hold,

A2y = Jw+ Py, and v = AY?2Jw+ A/?Py.
Since (I —7T4)A2P = 0, one gets that x = Nw. Then the “saddle-point” lemma 2.1 with
Z = N(T+NTN)"'NT = (I —74) A3 JM-'JTA3(I — 74) and Vo = Range(I — 74),
applied to identity (3.4), gives us the new identity

. vI Zv . vy 1

inf = in = -

K ~vew, viv veVo, vIZ=v 14 gup inf ¥ lw
vEV, W Nw=v V'V

(3.6)

Further, in the denominator on the right hand side of (3.6) we have v = Nw = (I—74)A2 Jw.
Replace now v = Azv. This implies that Nw = Asv, or Aiv = (I - ﬁA)A%JW; that is,
v = (I —m4)Jw. Identity (3.6) then leads to (noticing that now v € Range(I — m4))
T
T
K=1+ sup wLw

in —.
T
vERange(I—m4) Wi v=(I—-7ma)Jw V Av

We also have, . .
wiTw =wl Mw - wINTNw = wl Mw — vT Av.

Substituting the last expression in the above formula for K, implies the desired result (3.5). O

Corollary 3.1. Assume that S and P provide a unique decomposition; namely, that [S, P) is
an invertible square matriz. Then,

wl M,w
wlST(I —ma)A(l — 7a)SwW’
Proof. Note that for v = (I — m4)Sw, we also have v = Sw + P(—A_!PTA)(Sw). Then,
since S and P provide a unique decomposition of v = Sw + Px, this shows that the second

component of v (which is in fact unique) equals x = —A_1(PT A)(Sw). Le., there is no inf in
the formula for K. Thus,

K = sup (3.7)

o w! Myw
5 WISTA(I — 7a)Sw’
which is the same as (3.7). a

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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10 FALGOUT, VASSILEVSKI AND ZIKATANOV

8.1. Analysis of the two-level hierarchical basis preconditioner By,

We will now derive an upper bound for K in the case of S (i.e., J = S) and P providing
a unique decomposition. We recall that A = STAS = A,. The following lemma gives the
monotone dependence of B — A on D — A, and is needed in proving Theorem 3.2.

Lemma 3.1. If D — A, is symmelric positive semidefinite, then B — A is symmetric positive
semidefinite.

Proof. Since A, = PT AP, and hence |G| = ||GT|| =1 for G = A;%PTA%, we have that
viA= v > (PTv)T AN (PTv).

This and the assumptions of the lemma lead to the inequality
viA=v > (PTv)'D~Y(PTv),

which is equivalent to
T (r-atPp P AY) v 20,

Hence, AE = A(A~1 — B71)A is symmetric positive semi-definite, which is equivalent to B— A

being symmetric positive semi-definite. O

Theorem 3.2. Assume that M provides a convergent splitting for As in the Ags-inner product,

e., that (1\4S +MT — AS) is s.p.d. Also, let v € [0,1) be the constant in the strengthened
Cauchy-Schwarz inequality (1.8). Then Bry, (i.e., B with D = A.; see Definition 1.1) and A
are spectrally equivalent and the following bounds hold:

wl M,w

WA (3.8)

1
viAv < vIBrpv < KVTAV7 K< 1 5 sup
— A2y
In the case of B with an inexact second block D that satisfies
0< XT(D —A)x <4 xT A.x,

the following perturbation result holds,

1)
viAv <vTBv < <K + 2) vT Av.
1—v
Proof. The estimate (3.8) follows from (3.7) and (1.9), which combined give the following
upper bound for K,
wT M. sW 1
K<sup —~>— ——
=P wlA,w 1—~2’
The proof is completed by using Lemma 3.1, (1.11), and some obvious inequalities as follows:

0<vIi(B—A)yv =vI(Br, - Av+xT'(D-A)x, x=Plv,

<vI(Brp — A)v + 5XTA X
vI(Brp — A)v P xT'Sx
S VT(BTL — ) TAV
< (K —1+ 1—v2) TAV.
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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ON THE TWO-GRID ESTIMATES 11

O

The latter result is a generalization of a main two-level convergence theorem found in [2].
A more detailed study of the (two-level) approximate block-factorization preconditioners B,
(defined as in (1.12)) is found in Chapter 9 of [1]. Note that in the classical two-level HB
methods, A, happens to be well-conditioned, so it is not impractical to let My = A,. Then,
K= ﬁ (if D = A.), i.e., the two-level convergence factor o(Er.) = 1 — & = 7% equals to
the cos? of the abstract angle between the hierarchical components Range(S) and Range(P),
a well-known classical result.

8.2. Analysis of the two-grid preconditioner Brg

Here, we consider the case of B = Brpg, i.e., J = I. The analysis follows the lines of the analysis
from the previous subsection 3.1, and in a similar fashion one obtains that the smallest constant
K is given by the identity (see (3.5) in Theorem 3.1)

o~
K= sup inf WTﬂ
veRange(I—-ma) W: v=(I-ma)w V Av
That is, .
inf (raw + (I — 74)v)" M (maw + (I — w4)V)
K=supX =
v (I =ma)v)" A((I = 7a)v)

The inf over w is attained at w : m4(v —w) = m3;v, that is,
ATIPTA(V —w) = ]f\\jc_lPT],\\jv.

Here M, = PTMP and Ty = PM(ijTM. For a w = Pw, one has A !PT Aw = w,. Hence,
we.=A'PTAv — ]T/[/;:LPTM V.

This implies, Taw = Pw. = (ma — m5;)v. Therefore, maw + (I — ma)v = (I — 73;)v. Note

also that the following relation holds (I —m3;)(I —ma) = I —my; and vIA(I —ma)v < v Av.
Thus we arrive at the final estimate which is formulated in the next theorem.
Theorem 3.3. The convergence factor of the two-grid method, o(Erg) = 1 — %, s
characterized by
T — —
K = sup ((I—TFM)V) M(I—?TM.)V :supVTM(I_WM)V. (3.9)
v (I =ma)v)TA(I —7a)v v vT Av

Remark 3.1. Consider the case when the coarse degrees of freedom are defined on the basis
of a mapping R : R™ — R™ such that RP = I. Let Q = PR. Note that Q is a projection
(i.e., Q*> = Q). Next, noticing that
2 : 2 2
(0 = myp)eld; = _inf fle=viE; < lle = PRel,

one gets the following upper bound K < sup, u3;(Q, e), where the latter quantity (sometimes
called measure) equals,
(M(I-Qle, (I -Q)e)

(e, e) |

1 (Q, e) =

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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12 FALGOUT, VASSILEVSKI AND ZIKATANOV

The latter measure pu3;(Q, ) was the main ingredient used in [11] to find sufficient conditions
for the two-grid convergence of the respective AMG. With the above Theorem 3.3 in hand, we
are now able to show that the conditions from [11] are also necessary (in the sense of the next
two corollaries 3.2-3.3).

Corollary 3.2. For any v in the space Range(I — m+

57) one has the spectral equivalence
relations,

viAv < vT Mv < K vl Av.

That is, in a space complementary to the coarse space Range(P) the symmetrized smoother
M is an efficient preconditioner for A. If one introduces the matriz S such that Range(S) =
Range(I — m3;) one has the following spectral equivalence relations between A, = STAS and
M, = STMS, -

VSTASVS < VSTMSVS <K VSTASVS.

Proof. Using the inequalities

I— wlla = inf w—vl|la <||(I —7m~)W
0 =mawlla = _inf = vlla < (= mwla.
and vT Av < vT M v, the result is straightforward. O

Letting R, = Mc_lPTM one candidate for an S that spans the space Range(/ — 7y;) is
S =1 — PR,. One notices that R,P = I (and R,S = 0), i.e., we are in the setting of Remark
3.1 with R = R.. We point out that R, is the optimal mapping that defines the coarse
degrees of freedom, in the sense that such a choice will provide the best convergence rate.
Unfortunately, constructing R, in general may involve work comparable to the work needed
to solve the original problem (1.1). This is due to the fact that, for given sparse operators P
and M (or its symmetrized version M ), the optimal R is not in general sparse, due to presence
of Mc_ Lin its definition. However, in the following important example, R, happens to be the
simple injection mapping.

Example 3.1. Consider a two—by—two block partitioning of A,

_ | Ars Afe
A= |: Acf Acc :| ’

&,
C

corresponding to a “f” and block—partitioning of the vectors v = { zf } in V. Introduce

the splitting A= D — L — U, with

_| A O _| 0 0 T
DA[ 0 ACC}’L{Acf O}MmdUL.

For two given (not necessarily symmetric) matrices Mgy and M., consider the interpolation
matriz .
P = { *MfIfAfc ] ,

and the (inexact) block Gauss—Seidel smoother (also called “c”-"f” relaxation)

_ | Mgy Age | _ _ | Mgy O
M‘[ 0 M, |=P-UD=1 00
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Then, R, = M;lPTﬂ = [0, I], i.e., Ry is the trivial injection mapping The optimal S

defined as S, = I — T3 takes the simple form S, = 1 — PR, = { é M OAfC } The latter

shows that Range(S.) = Range [ é } Finally, the corresponding two—grid convergence factor
o(Er¢) =1— % is characterized with the identity (assuming that |I — M1 Alla < 1),
K =sup uy;(Q, e),
e

where Q = PR, and ji3;(Q, e) = (MUI=Q)e. (I=Q)e) s the measure used in [11].

(Ae, e)
Proof. One has, assuming that all inverses below exist,

I MT (M MT - 4)T

T
-Larz [ g |-ty
= [0, MZ] (DT+D D)~ Y

O MT MT+Mcc_AcC)_1:| Mff Afc :l

PTM :[ Ao M

[ 0 M
[0 MZ (MZ 4+ Moo — Ae) ™! MCC} .
Therefore,
— — B -1
M, = PTMP = [0, ME (MZ + Mee — Ace) ™ M| { MfIf Afe ]
= Mg; (Mg; + Mee — Acc)i1 M.
Finally,

R. =M;‘PTM
== M(ZI(MZ;‘ + Mcc - Acc)M(;;T |:07 M(,;I; (Mg; + Mcc - Acc)71 Mcc:|

That is, R = R, is the simple injection mapping. The rest follows from the definition of
Si=1—-my; =1-PR.,=1-(Q and Theorem 3.3. ]

In the general case, for any well-conditioned smoother M (as the standard ones are), the
entries of M{ ! will have a fast decay rate away from the diagonal (similar to the inverse of
a finite element mass-matrix). Therefore, reasonably sparse approximations R to R, will be
available, and hence using such a sparse R in practice will be a feasible and accurate enough
choice. Of course, using an approximation, as indicated in Remark 3.1, will only give upper
bounds for K. More specifically, we will have K < +—— by finding (accurate) bounds of the
minimal eigenvalue A, of the generalized elgenvalue problem

Aq=XI-QT)M(I - Q)q

where () = PR. Notice that the above eigenvalue problem takes a particularly appealing form
in the case of Example 3.1, but this is left for future study and is not considered further in
this paper. A somewhat simpler approach for estimating K is found in Theorem 4.1.
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14 FALGOUT, VASSILEVSKI AND ZIKATANOV

Corollary 3.3. The following three statements are equivalent, and they are necessary and
sufficient conditions for uniform convergence of the two grid method:

1. (I —mg;) is bounded in A-norm

((I- WM)V)T Al —my)v < K v Av.
2. my; is bounded in A-norm
(WMV)T Angv < K vT Av.

3. The spaces Range(S) = Range(I —n3;) and Range(P) have a non-trivial angle in A-inner
product, that is,

1
(VSTSTAPX)2 <(1- ?) vIAv, xTAcx, for any v and x.

Proof. We first give an argument that the three statements are equivalent. Consider the
quadratic form Q(t) = (mgv + tSvy)TA(nyv + tSv,) — & (WMV)TAT(MV. Note, that
m3;9vs = 0, hence 7 (v +tSvs) = my;v. This shows that Q(¢) > 0 for any real ¢ if 7y;
is A-bounded. Then the fact that its discriminant is non-positive, shows the strengthened
Cauchy-Schwarz inequality since Range(my;) = Range(P). The argument goes both ways.
Namely, the strengthened Cauchy-Schwarz inequality implies that the discriminant is non-
positive, hence @) is non-negative, that is, 7 is bounded in energy. Due to the symmetry of

M
the strengthened Cauchy-Schwarz inequality one sees that I — 7; has the same energy norm
as my; if K > 1. That these are necessary and sufficient follows from Theorem 3.3. a

4. Algebraic two-grid methods and preconditioners

Corollaries 3.2 and 3.3 represent the main foundation for constructing efficient two-grid
preconditioners. Namely, one needs a coarse space Range(P) such that there is a complementary
one, Range(S), with the properties:

(i) the symmetrized smoother restricted to the subspace Range(S), i.e., STMS, is spectrally
equivalent to the subspace matrix ST AS, and

(ii) the complementary spaces Range(S) and Range(P) have a non-trivial angle in A-inner
product; that is, they are almost A-orthogonal.

In practice, one needs a sparse matrix P so that the coarse matrix PT AP is also sparse,
whereas explicit knowledge of the best S is not really needed. If P and S are constructed
based solely on A, and similarly the smoother M (or the symmetrized one, M) comes from a
convergent splitting of A, then the resulting method (or preconditioner) belongs to the class of
“algebraic” two-grid methods (or preconditioners) or simply AMG (when several coarsening
levels are used). For some basic facts about AMG we refer the reader to, e.g., Ruge and
Stiiben [12], or the tutorial [8].

In order to guarantee the efficiency of the method, one only needs an S (not necessarily
the best one defined as Range(I — m3;)) in order to test if the subspace smoother STMS is
efficient on the subspace matrix ST AS. That is, one needs an estimate (for the particular S)

VSTASVS < VZMSVS <K VSTASVS, (4.1)
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with a reasonable constant k. The efficiency of the smoother on the complementary space
Range(S) is sometimes referred to as efficient compatible relazation. The latter notion is due
to Achi Brandt [7].

The second main ingredient is the energy boundedness of P in the sense that for a small
constant 7 one wants the bound,

TAx< i T Av. .
x"Acx <7 .. vzlg‘f,‘ﬁpx v Av (4.2)

For the simple example of orthogonal R =[0 I]" and S=[1 0]", and P: RP =1, one
can show (see [11]) that (4.2) is equivalent to @ = PR being bounded in energy, i.e.,

vIQTAQv < nvT Av.
Since Q? = @Q, i.e., Q is a projection, the above estimate is equivalent to
(I -Q)WV)TA(I —Q)v <nvlAv.

It is clear then, that a sufficient condition for P to be bounded is to establish the following
“weak approximation property”,

IAllllv = PRv[* < n vT Av,

which was a common tool used in the classical two-(and multi-)grid convergence theory. One
can actually prove the following main result in the general case (see Theorem 4.2 in [11]).

Theorem 4.1. Assume that the estimates (4.1) and (4.2) hold true. Then the two-grid
preconditioner B = Brg is spectrally equivalent to A with a constant K < nk.

Proof. We have to estimate K defined in (3.9). Since Range(S) is complementary to Range(P)
(by assumption), then any v can be uniquely decomposed as v = Svs + Px. The term in the
numerator of (3.9) can be estimated as follows,

(I = 7)) TM((I — 7))V = inf (v - Py)TM(v — Py)
< (v-— PX)TM(V — Px)
= vZﬂSTMSvS
<k VSTSTASVS.

In the last line above we used (4.1).

The energy boundedness of (4.2) implies a strengthened Cauchy-Schwarz inequality for
Range(S) and Range(P). That inequality is equivalent to the following energy boundedness
of S,

ngTASvS <n inf vl Av.
x: v=Sv;+Px

Using the projection 74, one gets
vISTASv, <n (I —7a)Svs)TA(I —74)Svs.
Finally, since (I —w4)Px = 0, one arrives at the following bound for the denominator of (3.9),

vISTASv, <n((I—ma)(Svs+ Px))TA(I — ma)(Svs + Px)
=n((I- WA)V)TA(I — TTA)V.
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16 FALGOUT, VASSILEVSKI AND ZIKATANOV

Thus, (3.9) is finally estimated as follows

K = sup =TV MU )y kv ST ASw,

v ((I—=ma)V)TA(I —7a)v — S},lp %VSTSTASVS R

5. Window based spectral AMG

In the present section we provide a purely algebraic way of selecting coarse degrees of freedom
and a way to construct an energy bounded interpolation matrix P. In the analysis, we will use a
simple Richardson iteration as a smoother. The presented method is an “element-free” version
of the spectral AMGe method studied in Chartier et al. [9]. All definitions and constructions
below are valid in the case when A is positive and only semidefinite, i.e. may have nonempty
null space Null(A4).
We consider the problem (1.1) and reformulate it in the following equivalent least squares
minimization:
: 2
u—argmvln;Hva—waDw. (5.1)

In the least squares formulation, each w is a subset of {1,...,n}, and we assume that
Uw = {1,...,n},

where the decomposition can be overlapping. The sets w are called windows, and represent
a grouping of the rows of A. The corresponding rectangular matrices we denote by A, i.e.,
Ay = {Aij}icw j=1:n- Thus we have that A, € RI“IX" where | - | stands for cardinality.
Accordingly in (5.1) f, = f|, = {fi}icw, denotes a restriction of f to a subset and
Dy = (Dy(%))icw are diagonal matrices such that for any 4, >~ ., Dw (i) = 1, that is, { Dy }w
provide a partition of unity. Vanishing the first variation of the least squares functional, we
obtain that the solution to the minimization problem (5.1) satisfies

> (Aw)"DyAyu =" (Ay) Duf,. (5.2)

We will first estimate the maximum eigenvalue of the matrix on left hand side of (5.2) in
terms of ||A. Let AT = [by, ba, ..., b,], where b! is the ith row of A. The following

identities hold:
vIiATAv =3 (bTv)?, and

SV (A) Dy Ayy =3 3 Dy(i)(bTv)?

w iEW

—solv7 (£ 0a0)
- 307V

Then we obtain that

v’ (Z(Aw)TDwAw> v=vTAT Av. (5.3)

w
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We emphasize that we will not solve the equivalent least squares problem (5.2) and it has
only been introduced as a motivation to consider the “local” matrices (Aw)TDwAw as a tool
for constructing sparse (and hence local) interpolation mapping P which we explain below. Of
interest will be the Schur complements S,,, that are obtained from the matrices (A,)7 Dy, Ay
by eliminating the entries outside w. Note that S, is symmetric and positive semidefinite and
hence one has the inequality

(V)T Suwve < V(AT DALY, Ve = V],

hence

> (V) Sy < VT (Z(Aw)TDwAw> v=vliATAv < ||A|| vT Av. (5.4)

w w

This inequality implies (letting v = 0 outside w) that (v,,)T S, vy < ||A] vIAv < ||A]2 vIv =
| Al|? vIv,, that is,

w

1Swll < | AII2. (5:5)

Selecting coarse degrees of freedom

Our goal will be to select a coarse space. The way we do that will be by fixing a window and
associating with it a number m,, < |w|. Then we construct m,, basis vectors (columns of P)
corresponding to this window in the following way: All the eigenvectors and eigenvalues of S,
are computed and the eigenvectors corresponding to the first m,, eigenvalues are chosen. Since
generally the windows have overlap, another partition of unity is constructed, with diagonal
matrices {Q,, } where each Q,, is non-zero only on w and the set {Q.,} satisfies > Q,, = I.

w
From the first m,, eigenvectors of S, extended by zero outside w we form column-wise the
local interpolation matrix P, which hence has m,, columns. The global interpolation matrix
is then defined as

P:ZQw[Oa Py, O]

Here, for a global coarse vector v¢ = (v¢), the action of [0, P, 0] is defined such that
[0, Py, 0]vE = P,(v°|,) = Puvs,.

The remainder of this section follows the presentation in [9] but the main result (Theorem
5.1) utilizes our main identity (3.9). The first result concerns the null-space of A. Namely, that
it is contained in the range of the interpolation P.

Lemma 5.1. Suppose that my, is such that m,, > dim Null (Sy) for every window w. Then

Null (A) C Range (P), that is, if Av =0, then there exists a v¢ € R™ such that v = Pv©.

Proof. Let Av = 0. Then from inequality (5.4) it follows that S, v,, = 0, where v,, = v|,
and we extend v,, by zero outside w whenever needed. Hence, by our assumption on m,, there
exists a local coarse grid vector v{, such that v,, = P, v§,. Let v¢ be the composite coarse grid
vector that agrees with v¢ on w, for each w. This is simply the collection v¢ = (v¢,);. Then,

PVC:ZQwaVZ;:ZQwvw:ZQwVZV-
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18 FALGOUT, VASSILEVSKI AND ZIKATANOV

Two-grid convergence
i W v i -grid “w Xi i .
First, we prove a main coarse-grid “weak approximation property”

Lemma 5.2. Assume that the windows {w} are selected in a “quasi-uniform” manner such
that for all w the following uniform estimate holds

1Swll = 0l AJl*.

Note that n <1 (see (5.5)). Assume that we have chosen m., so well that for a constant § > 0

uniformly in w one has
||SwH < 6)‘mw+1(Sw)»

where Ap,,+1(Sw) denotes the (my, + 1)th smallest eigenvalue of Sy,. It is clear that § > 1.
Then, for any vector e € R™, there exists a global interpolant € in the range of P such that

(e—e)TA(e—¢) < ||A|llle — €| < % T Ae. (5.6)

Proof. The analysis follows [9]. Let e € R™ be given. Note that our assumption on m,, is
equivalent to the assumption that, for any window w, there exists a €,, in the range of P,, such
that

[Sullllew = ewll” < 6 egSuew, (5.7)

where e,, = e[, and whenever needed we consider e,, and €,, extended by zero outside w. We
now construct an e in the range of P which will satisfy (5.6). Namely, we set € = > Qué€w-
One notices that > Que =€ =) Quew. Hence,

o= =(e-o" (SQuie-o)
~ (e~ 9" (S Qulen—cn)
=¥ (@hte-0) (@hten—en)
< [Se-oraue-0] |5 IQ3ea - )l

w

1
2

~lle - el |1k (e - eI

That is,
1
le —€l* <Y 11Q2 (ew — ew)|*.
w

Therefore, based on (5.7), the quasi-uniformity of {w}, and inequality (5.4), one gets

1
le —el* < Z [Qd(ew — 6w)||2 < Z lew — EwHQ

“ elS, e 1) b
<6 Y Twww o T Swew
= ; 1Sl = WA Zw ¢

) é
< 5 e’ATAe < —— €T Ae.
Al Al
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O

We will use estimate (5.6) to show that the two-grid method with the Richardson iteration
— 2
matrix M = 1217w € (0,2), which leads to M = M(2M — A)~'M = 12T lAl; _ 4)-1,
is uniformly convergent. More specifically, we have the following main spectral equivalence
result.

Theorem 5.1. The algebraic two-grid preconditioner, based on the Richardson smoother

M = Hwi” I, w € (0,2), and the coarse space based on P constructed by the window spectral
AMG method, is spectrally equivalent to A and the following estimate holds,
)
viAv<vIiBv< —— vT Av.
nw(2 —w)

The constants % is from the coarse-grid approzimation property (5.6).

Proof. One first notices that

— 2 -1
WTMW:wWT QMIfA WgﬁwTW:LWTMW.
w? w w(2—w) 2—w

Then, based on the M-norm minimization property of the projection 77;, one has,

— VT M — 71— - i —OTM(v -
(I =m5)v) M(I — 757)v eeRgllée(P) (v—¢€)'M(v—r¢)
1 , .
< - _ _
T 2—w eeRengée(P) (V=€) M{v—¢)
A
= 7” I inf v — €|
w(2 — w) e€Range(P)
1
<— —vTAv.
w2-w) n

One can use the above estimate for v = (I — ma)v. Since (I — 7g;)(I —7a) = (I — 74;)
the left-hand side of the above estimate does not change. Thus the corresponding two-grid
preconditioner is spectrally equivalent to A with a constant

(I = 757)V)TM(I = 737)Vv _ 5

K= T AT = rapy = e =)
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